NEW SIMPLE LIE SUPERALGEBRAS IN 
CHARACTERISTIC 3 



ALBERTO ELDUQUE 

Abstract. Symplectic (respectively orthogonal) triple systems provide 
constructions of Lie algebras (resp. superalgebras) . However, in char- 
acteristic 3, it is shown that this role can be interchanged and that Lie 
superalgebras (resp. algebras) can be built out of symplectic triple sys- 
tems (resp. orthogonal triple systems) with a different construction. As 
a consequence, new simple finite dimensional Lie superalgebras, as well 
as new models of some nonclassical simple Lie algebras, over fields of 
characteristic 3, will be obtained. 



1. Introduction 

Symplectic triple systems |YA75j are basic ingredients in the construction 
of some 5-graded Lie algebras. They consist of a vector space T endowed 
with a trilinear product [...] and a nonzero alternating bilinear form (.|.) 
satisfying some conditions (Definition 12. Given such a system over a field 
k of characteristic 7^ 2, a Lie algebra can be defined on 

= {shik) e inder(r)) © {k"^ (g) T), (LI) 

where inder(T) = span{[a;y.] : x,y € T} and k'^ is the natural module for 
the three dimensional simple split Lie algebra s[2(fc) (Theorem I2.9() . The 
5-grading is obtained by looking at the eigenspaces of the adjoint action of 
a Cartan subalgebra in 5l2{k). Equivalent formulations of this construction 
have been given by means of Freudenthal triple systems (Fre54. ,Fre59j or 
some other ternary algebras |Fau71j . In this way, different models of the ex- 
ceptional simple Lie algebras have been obtained. (For constructions based 
on different systems see, for instance, |Kan73j or |A1179j .) 

Here, besides the classical exceptional simple Lie algebras, it will be shown 
that, over fields of characteristic 3, a one-parameter family of ten dimen- 
sional simple Lie algebras discovered by Kostrikin |Kos7nj . as well as a 
simple Lie algebra of dimension 29 considered by Brown |Bro82j . can be 
obtained, respectively, from a family of two dimensional simple symplectic 
triple systems (Proposition l2.12|) and from an eight dimensional simple sym- 
plectic triple system (B,emark l2.33j) . thus providing very simple descriptions 
of these Lie algebras. 
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But the main point of this paper is the description of another feature that 
occurs in characteristic 3. It will be noticed that over fields of this charac- 
teristic, one can forget about the 5l2{k) and the k'^ in and consider 
instead the direct sum 

= inder(r) T (1.2) 

with a natural multiplication. Then g becomes a Lie superalgebra (instead of 
a Lie algebra). In other words, any symplectic triple system becomes an anti- 
Lie triple system in characteristic 3. For specific symplectic triple systems, 
new simple Lie superalgebras will be obtained over fields of characteristic 3. 

Dually, orthogonal triple systems (defined by Okubo |Oku93| ) consist 
of a vector space endowed with a triple product and a bilinear symmetric 
form. The defining relations of an orthogonal triple system are obtained 
by changing symmetry and skew-symmetry in the defining relations of a 
symplectic triple system (Definition 14. It turns out that one can consider 
for orthogonal triple systems the same construction as in and this gives 
now 5-graded Lie superalgebras (instead of algebras) The basic classical 
exceptional Lie superalgebras in characteristic are obtained in this way 
[kD03, EKO03 . 

Again, in characteristic 3, some new simple Lie superalgebras appear 
with this construction, which are associated to a family of orthogonal triple 
systems related to central simple Jordan algebras of degree 3 (Theorem 
EM- 

And, as for symplectic triple systems, in characteristic 3 one can forget 
about 5l2{k) and k'^ in and get q as in ()1.2() which is, now, a Lie 

algebra (instead of a superalgebra). New constructions of some classical 
and nonclassical simple Lie algebras are obtained in this way (Examples 
El. 

Throughout the paper, all the vector spaces and algebras will he assumed 
to he finite dimensional over a ground field k of characteristic ^ 2. 

In Section [21 the definition of symplectic triple systems will be recalled, 
as well as the construction of the Lie algebras g in . The relationship of 
symplectic triple systems with Freudenthal triple systems and with a class of 
ternary algebras defined by Faulkner will be given, and this will lead to the 
classification of the simple symplectic triple systems over algebraically closed 
fields. In characteristic 3, there appears a new family of two dimensional 
symplectic triple systems and a new eight dimensional simple symplectic 
triple system, which give rise, through the construction in Hl.lj) . to the one- 
parameter family of Kostrikin simple Lie algebras and to the 29 dimensional 
simple Lie algebra of Brown. 

Section |31 is devoted to the construction H1.2() of Lie superalgebras over 
fields of characteristic 3. New simple Lie superalgebras of dimension 18, 35, 
54, 98 and 189 appear with this construction. Besides, one can relax the 
definition of a symplectic triple system by allowing the alternating bilinear 
form to be trivial. It will be shown that no new simple symplectic triple 
systems appear in characteristic ^ 3, and it is conjectured that only two 
dimensional simple systems are possible in characteristic 3. 

Section ^ is devoted to orthogonal triple systems and the construction 
(jl.lj) of Lie superalgebras from them. The classification of the simple (—1,-1) 
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balanced Freudenthal Kantor triple systems in |EKU03j immediately pro- 
vides the classification of the simple orthogonal triple systems over fields 
of characteristic 0. All the simple systems that appear in this classification 
have their counterparts in prime characteristic, and in characteristic 3 a new 
family of simple orthogonal triple systems will be defined, in terms of central 
simple Jordan algebras of degree 3. However, there is no known classification 
of the simple orthogonal triple systems over fields of prime characteristic. 
The construction (ll.lj) provides here, in particular, new simple Lie superal- 
gebras of dimension 24, 37, 50 and 105 over fields of characteristic 3. 

Finally, Section El will deal with the construction (|1.2j) of Lie algebras 
in term of orthogonal triple systems. Apart from some classical Lie alge- 
bras, new models of Kostrikin's ten dimensional simple Lie algebras and of 
Brown's 29 dimensional simple Lie algebra will be given. 

In a future work, some of the new simple Lie superalgebras in character- 
istic 3 that will be constructed here, will be shown to appear in a natural 
extension of Preudenthal's Magic Square, obtained by means of composition 
superalgebras |E()fl2j . 

2. SyMPLECTIC TRIPLE SYSTEMS 

The main objects of study in this section are defined as follows: 

Definition 2.1. Let T be a vector space endowed with a nonzero alternating 
bilinear form (.|.) : T x T k, and a triple product T x T x T ^ T: 
{x,y,z) I— > [xyz]. Then (T, [...], (.|.)) is said to be a symplectic triple system 
(see |YA75j ) if it satisfies the following identitities: 

[xyz] = [yxz] (2.2a) 

[xyz] — [xzy] = {x[z)y — {x[y)z + 2(y\z)x (2.2b) 

= [[xyujfii;] + [u[xyt7]w] + [nu [xyw]] (2.2c) 

{[xyu][v) + {u][xyv]) = (2. 2d) 

for any elements x, y, z, u,v,w G T. 

Note that ()2.2b|) can be written as 

[xyz] - [xzy] = ijjx,y{z) - '4>x,z{y) (2.3) 

with ipx,y{z) = {x[z)y + {y[z)x. (If (.|.) is nondegenerate, the maps ipx^y span 
the symplectic Lie algebra sp(T).) 

Also, (|2.2c|) is equivalent to dx,y = [xy.] being a derivation of the triple 
system. Let inder(r) be the linear span of {dx^y : x,y € T}, which is a 
Lie subalgebra of End(r). Equation (|2.2d|) is equivalent to the condition 
dx,y G sp(r) for any x,y € T. 

As remarked in jEld04l Section 4], equation 1)2. 2d|) is a consequence of 
()2.2b|) and 1)2. 2c|) unless the characteristic of the ground field /c is 3 and the 
dimension of T is 2. 

As usual, a homomorphism of symplectic triple systems is a linear map 
if : (T, [...], (.|.)) ^ {r, [...]', {.[.)') satisfying both {ip{x)[ip{y)y = (x|y) and 
{p{[xyz]) = [{p{x)ip{y)(p{z)]' for any x,y,z G T. An ideal of a symplectic 
triple system is a subspace / of T such that [TTI] + [TIT] C I, and the 
system is said to be simple if [TTT] ^ and it contains no proper ideal. 
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Proposition 2.4. Let (T, [...], (.|.)) be a symplectic triple system and as- 
sume that the dimension ofTis>2 if the characteristic of the ground field 
k is 3. Then (T, [...], (.|.)) is simple if and only if the bilinear form (.|.) is 
nondegenerate. 

Proof. Let T-*- = {x G T : (xjT) = 0} be the kernel of the bihnear map. 
Then by (lOHl) [TTT^] C T-^ and, by (lOKl) . [TT^T] C [TTT^]+T-^ C T-^. 
Hence T-*- is an ideal of T. Therefore, if T is simple, then T-*- = and (.|.) 
is nondegenerate. 

Conversely, assume that (.|.) is nondegenerate and let / be an ideal of T, 
then by (|2lfel) 

{x\z)y — {x\y)z + 2{y\z)x € / 

for any x,y,z (z T such that one of them is in /. With y,z £ T and x E /, 
it follows that 

{x\z)y - {x\y)z e I, (2.5) 

while for y G / and x, z € T we get, after interchanging x and y, 

{x\y)z + 2{x\z)y e I (2.6) 

for any y, z (z T and x £ I. If the characteristic of A; is 7^ 3, it follows from 
(ESI) and (EH) that {I\T)T C /, so that either / C = or / = T. On 
the other hand, if char A; = 3 and 1^0, for any 7^ x € /, let 2; G T such 
that {x\z) 0, then 1)2. 5() shows that (kx)-^ C /. Therefore either / = T or 
/ has codimension one. But in the latter case, if dimT > 2, then there are 
linearly independent elements x,y G /, and hence T = (kx)-^ + (ky)^ C /. 
Thus, either / = T or dimT = 2, as required. □ 

Proposition 12.41 fails for two dimensional symplectic triple systems over 
fields of characteristic 3. Note that in this case, the expression {x\z)y — 
{x\y)z + 2{y\z)x in the right hand side of ()2.2b|) becomes {x\z)y + {y\x)z + 
{z\y)z, which is identically zero (since it is skew-symmetric in three variables 
on a two dimensional vector space). Therefore, in this case, 1)2. 2a() and 
1)2. 2b|) simply say that the triple product is symmetric. The two dimensional 
symplectic triple systems in characteristic 3 are easily classified: 

Proposition 2.7. Let (T, [...], (.[.)) be a two dimensional symplectic triple 
system over a field k of characteristic 3. Then either: 

(i) There is a symplectic basis {a, 6} of T (that is, {a\b) = 1) and a 
scalar a £ k such that [aaa] = ab and all the other triple products of 
basis elements is 0; or 

(ii) there is a symplectic basis {a, b} of T and a scalar 7^ e G /c such 
that [aaa] = = [bbb] and 

[aab] = [aba] = [baa] = ea, [abb] = [bob] = [bba] = —eb. (2-8) 

Moreover, two symplectic triple systems in case (i) with scalars a and a' are 
isomorphic if and only if there is a scalar 7^ /i G A; with a = fi'^a' , while 
the scalar e is an invariant of the isomorphism class of the symplectic triple 
system in case (ii). 
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Proof. The case of trivial product {[TTT] = 0) is covered in item (i). Hence 
we assume that [TTT] / 0. 

If there is an element a ^ T such that [aaa] ^ 0, take c = [aaa]. Then by 
(|2.2b .-c). for any x,y gT, [xx[yyy]] = 3[[xxy]yy] = 0, so that [xxc] = for 
any x G T and hence [TTc] = 0. In particular, this shows that c G T \ ka. 
Then there is a scalar ^ a £ k such that (a|c) = a, and hence we get (i) 
with b = a~^c. 

Therefore we may assume now that [xxx] = for any x (zT but [TTT] ^ 
0. Then there is an element a £ T such that [aaT] ^ 0. If d^^a = [aa.] is not 
nilpotent, since [aaa] = there is an element b (^T\ka such that [aab] = Xb 
for some 7^ A G A;. Thus, using (|2.2cj) . 

A[a66] = [a6[aa6]] = 2[[aa6]a6] + [aa[a66]] 

= 2X[abb] + [aa[abb]], 

so that [aa[a66]] = —X[abb] and [abb] = as and A are the only eigenvalues 
of da,a (dimT = 2). In this case, 7^ A(a|6) = (a|[aa6]) = — ([aoo]|6) = 0, 
a contradiction. Hence we conclude that d^.a is nilpotent, so there is an 
element c £ T\ka such that [aac] = a. From 1)2. 2|) it follows that 

[aa[acc]] = 2 [a [aac] c] = —[aac], 

so [acc]+c G ker da^a = ka, and there is a scalar £ k such that [acc] = fia—c. 
Now 

fia — c = [cca] = [cc[aac}[\ = 2\\cca]ac\ 

= — [{fJ-a — c)ac] = —fia + {fia — c) = — c. 

Hence /U = and [cca] = —c. If (a|c) = a, with b = a~^c we obtain case (ii) 
with e = . 

Finally, unless \TTT] = 0, the ideal kb = [TTT] in case (i) is fixed under 
any automorphism, so any other symplectic basis with a similar multiplica- 
tion is of the form {a' = fia + rjb, b' = H~^b} for some fj,,r] £ k with 7^ 0. In 
this basis, [a'a'a'] = fi'^ab', whence the condition for isomorphism for these 

algebras. Also, in case (ii), dx^y = —e'ipx,y = —^(^{x\-)y + {y\.)x^ for any 
x,y G T. Hence e is an invariant of the isomorphism class. □ 

Note that the symplectic triple system in case (i) of Proposition l2.7l is not 
simple, even though (.[.) is nondegenerate. 

The simple symplectic triple system in case (ii) will be denoted by T2^e- 

Symplectic triple systems are strongly related to Z2-graded Lie algebras 
(or to Lie triple systems |YA75j ) . The precise statement that will be most 
useful here is the following: 

Theorem 2.9. Let (T, [...], (.[.)) be a symplectic triple system and let [V, (.[.)) 

be a two dimensional vector space endowed with a nonzero alternating bilin- 
ear form. Define the 7j2-graded algebra q = q{T) = 0o ® Si with 

00 = sp(F) © inder(r) (direct sum of ideals), 
and anticommutative multiplication given by: 
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• Qq is a Lie subalgebra of q, 

• Qq acts naturally on gj; that is 

[s, V 1^ x] = s{v) (8) X, [d,v (gi x] = V d{x), 

for any s G spiV), d G inder(T), v £ V, and x G T. 

• For any u,v £ V and x,y G T: 

[u(S)x,v0y] = {x\y)ju,v + {u\v)doi:,y (2-10) 
where ju,v = {u\-)v + {v\.)u and dx^y = [xy]. 
Then q{T) is a Lie algebra. Moreover, q{T) is simple if and only if so is 
{T, [...], (.|.))- 

Conversely, given a 'Z2-9fCLded Lie algebra 5 = 0o ® 01 with 

qq = 5p{V) © 5 (direct sum of ideals), 
Ql = V (giT (as a module for qq), 

where T is a module for s, the Q^-invariance of the Lie bracket implies that 
equation (j2.1()|) is satisfied for an alternating bilinear form (.|.) : T xT ^ k 
and a symmetric bilinear map d.^. : T x T ^ s. Then, if {■]■) is not and a 
triple product on T is defined by means of [xyz] = dx,y{z), (T, [...], (.|.)) is 
a symplectic triple system. 

Proof. This is proved in |Eldn4j . following the ideas in |YA75j . with the 
exception of the assertion about the simplicity of q. For this, first note that 
if T is not simple, then T"*- is a proper ideal of T (see 12.41 and its proof), 
and then d'j'rp± is an ideal of inder(r) and a = dj^ j^^ © (1/ (g)T^) is a proper 
ideal of q. Conversely, assume that T is simple. Since is not the adjoint 
module for gg, it is enough to prove that g has no proper homogeneous ideal. 
Let a = Oq © aj be an homogeneous ideal of g. If oj = 0, then a is an ideal 
of Qq and [a, gj] = 0. But gg acts faithfully on gj, hence a = 0. Otherwise, 
Oj 7^ so, by 5p(y)-invariance, aj = F (8)/ for some subspace / of T, which is 
closed under the action of inder(r). Thus, [TTI] C /. By 5p(y)-invariance 
too, ag = (ag nsp(y)) © (og ninder(r)). Let {v,w} be a symplectic basis 
of V, then for any x € T and y £ I, [x v,y iSi w] = dx,y + (a^|y)7u,uj G ag. 
Hence di^T C o and, hence, [(i/,r,0i] = [di,T,V I] = V [ITT] C o. 
Thus [ITT] C / and / is an ideal of T. But then / = T, aj = gj and 
00 = [0i7 0i] ^ a, so that a = g. □ 

The argument in the proof above is similar to the one in |EKU03l Theorem 
2.2]. 

As a noteworthy example, consider the simple symplectic triple system 
T2^e that appears in Proposition 12.71 where the characteristic of the ground 
field k is 3. Here, as remarked in the proof of 12.71 dx,y = —^ipx,y for any 
x,y € T2^e, so that inder(T) = sp(T). Therefore, the simple Lie algebra 
0(^2,,) is given by: 

g(T2,,) = (spiVi) © 5p(V2)) © (^1 © V2) (2.11) 

where Vi and V2 are two dimensional vector spaces endowed with nonzero 
alternating bilinear forms {■{■){ {i = 1,2) and the Lie bracket is determined 
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by the Lie multiplication in 5p(Vi) © sp(V2), the natural action of sp(Vi) © 
sp(V2) on Vi © V2 and by 

[a © X, 6 © y] = {x\y)2ja,b - e{a\b)i'yx,y, 

for any a,b G Vi and x,y £ V2, where 'ya,b = + (^l-)i'^ and 'yx,y = 

(a^|-)22/ + (y|-)2a;. 

There is a great similarity of the above defined Lie algebra and the excep- 
tional simple classical Lie superalgebras T{ai, a2, cr^) in |Sch79[ pp. 17-18], 
where three two dimensional space are used. These Lie superalgebras con- 
stitute the family D{2,l;a) in Kac's classification |Kac77j . 

Kostrikin defined in |Kos7flj a parametric family L(e) (e 7^ 0) of ten 
dimensional simple Lie algebras over fields of characteristic 3, which appear 
as subalgebras of the contact algebra K3. Here these simple Lie algebras 
have a natural interpretation: 

Proposition 2.12. Let k be a field of characteristic 3. Then, for any 7^ 
e S fc, the Lie algebra Q{T2^e) and L{e) are isomorphic. 

Proof. This has been checked in |Bro9nj . although in terms of Freudenthal 
triple systems instead of symplectic triple systems (see Theorem 12.151 be- 
low). Actually, the Freudenthal triple system that appears in the second 
paragraph of |Bro90[ p. 29] with parameter c corresponds through 12.161 to 
the symplectic triple system T2^e with e = — (c+ 1), Brown shows that this 

system corresponds to the Kostrikin algebra L (^—-^^^, which in turn is 

isomorphic to L{-{c + 1)) = L(e) ( jKos70j ). □ 



Remark 2.13. Therefore, the definition of Q{T2^e) in (|2.11|) gives a nice de- 
scription of the simple Lie algebra L(e). Also, take symplectic bases {vi,Wi} 
of Vi (i = 1,2) and the elements 

^1 ~ 2^V2,V2^ fl ~ ~1w2,W2-i hi = [ei,/i] = —'yv2,W2: 

e2 = Vl©W2, /2 = -W'l©t^2, h2 = [e2, f2] = Ivuwi + €'yv2,w2, 

which satisfy that 

[/ii,ei] = 2ei, [/ii,e2] = -62, [/i2, ei] = -2eei, [/i2, 62] = (e - l)e2, 

and this shows that Q(T2^e) is the contragredient Lie algebra (see |VK71[ §3]) 
associated to the Cartan matrix ^ = ( _2e e-i ) ~ {1 e-i ) • 

For e = 1 (L(l) is shown in |Kos70j to present some specific features), 
after scaling the last row, this is the matrix C2,oo = ( .^i ) 1 while for e ^ 1, 

after scaling the last row, we get the Cartan matrix C2,_i_ = ( J_ 2^)- In 
particular, for e = —1, we get the Cartan matrix associated to the simple 
classical Lie algebra of type C2 and, indeed, q{T2^-i) is naturally isomorphic 
to 5p{Vi _L V2). ' □ 



For later use, let us define an eight dimensional module for the simple 
Lie algebra L(l) = g(r2^i) (char A; = 3), which will provide an important 
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example of a simple symplectic triple system. With the previous notation, 
consider the Z2-graded vector space W = Wq © Wi , with 

Wo = Vi ©5p(V2), 
Wi = V2, 

and give W the structure of a graded module for the Z2-graded Lie algebra 
5(^2,1) with the natural action of 5p(Vi) ® 5p{V2) (that is, Psi(ai ® S2) = 
si(ai) (g) S2, /Os2(«i ^2) = ai (g) [S2,i2], Psi(a2) = and ^53(02) = 52(02), 
for any ai G Vi, 02 G V2, si G sp{Vi) and ^2,^2 £ sp(V2))- Finally, for any 
ai, 61 G Vi, a2, 62 G V2 and S2 G sp(V2), define the action of 01(8)02 G g{T2^i)i 
on Ty by means of: 

Pai®a2(^l <^ ■S2) = -{ai\bi)iS2{a2) G Wj, 

Pai®a2(^2) = -ai (g) 7a2,62 ^ ho- 
using that [s2, 702,62] — ls2{a2)M +7a2,s2(b2) that, since the characteristic 
is 3, (02162)52 = 7s2(a2),62 - 7a2,s2(fe2) foi^ any 02,62 G ^2 and S2 G sp(T^2), it 
follows easily that p : 0(r2^i) Q^{W) is indeed a representation. 

Proposition 2.14. iygi k he a field of characteristic 3 one? Zei p : q{T2^i) — > 
0l(W) be the representation defined above. Then T = W , endowed with the 
alternating bilinear form given by 

'(VFg|VFj)=0, 

< (oi ® S2I61 ® t2) = (o|6)i trace(s2i2), 

, (021^2) = (02162)2, 

and with the triple product [ABC] = dA,B{C), where d : W x W ^ 0K^)> 
{A, B) ^ dA,B is the symmetric bilinear map determined by 

'ai®«2,feli8)t2 ~ Arace{s2t2)7ai,bi-(ai|''i>i[«2,t2]' 
'ai(g)S2,a2 — Pai®S2(a2)^ 
'02,62 ~ ~Pla2,b2 ' 

for any oi,6i G Vi, 02,62 G V2 and 82,^2 G sp(V2), is a symplectic triple 
system. 

Proof. This is a straightforward computation, using that for any 52,^2, '''2 £ 
MV2), 

•52*2 = ^trace(s2t2) + ^[s2,*2] = -trace(s2*2) - [52,^2] G 0((^2), 

[[S2, ^2], -^2] = S2(t2'^2 + ^2*2) + (^2^2 + r2t2)s2 

- {S2l'2 + 1'2S2)t2 - t2{r2S2 + S2r2) 

= 2tTace{t2r2)s2 — 2 trace(s2'^2)i2 

= trace(s2r2)t2 - trace(t2?'2)s2- □ 

The symplectic triple systems are strongly related to other triple systems 
too, in particular to Freudenthal triple systems and to Faulkner ternary 
algebras |Fau71j (or balanced symplectic algebras |FF72j ). 

Let T be a vector space endowed with a nondegenerate alternating bilinear 
form (.|.) : T xT ^ k, and a triple product T xT xT ^ T, {x,y,z) 1— > xyz. 
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Then (T, xyz , (.|.)) is said to be a Freudenthal triple system (see Mey68| 
|^r72lEro84|) if it satisfies: 

xyz is symmetric in its arguments, (2.15a) 

{x\yzt) is symmetric in its arguments, (2.15b) 
{xyy)xz + {yxx)yz + {xyy\z)x + {yxx\z)y 

+ {x\z)xyy + {y\z)yxx = 0, (2.15c) 

for any x, y,z,t £ T. 

The next result relates the symplectic triple systems and the Freudenthal 
triple systems, its proof may be found in |Eldn4| Theorem 4.7]. 

Theorem 2.16. Let (.|.) be a nondegenerate alternating bilinear form on 
the vector space T and let xyz and [xyz] be two triple products on T related 
by xyz = [xyz] — ipx,y{z) for any x,y,z G T. Then (T, [...], (.|.)) is a sym- 
plectic triple system if and only if either xyz = for any x,y,z G T, or 
(T,xyz, (.|.)) is a Freudenthal triple system. 

Also, let T be a vector space endowed with an alternating bilinear form 
(.|.) and a triple product (xyz) satisfying ( |Fau71j or |FF72| Section 3]): 

(xyz) = (yxz) + {x\y)z (2.17a) 
{xyz) = {xzy) + {y\z)x (2.17b) 
{{xyz)vw) = {{xvw)yz) + {x{yvw)z) + {xy{zwv)) (2.17c) 

for any x,y,z,v,w G T. Then (T, (...), (.|.)) is called a Faulkner ternary 
algebra. These triple systems have been called balanced symplectic algebras 
in [FF72] . 

Theorem 2.18. Let (.|.) be an alternating bilinear form on the vector 
space T and let [xyz] and {xyz) be two triple products related by [xyz] = 
—2{zxy) + {x\y)z for any x,y,z G T. Then (T, [...], (.|.)) satisfies i2.Sb ,-d) 
if and only if (T, (...), (.|.)) is a Faulkner ternary algebra. In particular, the 
symplectic triple systems are in bisection with the Faulkner ternary algebras 
with nonzero alternating bilinear form. 

Proof. For any x,y,z G T, 

{xyz) - {yxz) - {x\y)z = -^(^[yzx] - [xzy] - {z\x)y - {z\y)x^ - {x[y)z 

= -^{[yzx] - [xzy] - ti^z,y{x) + i'xAy)) > 

{xyz) - {xzy) - {y\z)x = -^(^[yzx] - [zyx] - {y\z)x + {z\y)x^ - {y\z)x 

= -^{[yzx] - [zyx]^, 

so that (|2.2aj) and (|2.2b|) are equivalent to (|2.17aj) and ()2.17b|) . 

On the other hand, if (j2.17bj) and (|2.17cj) are satisfied, (FF72t (3.1)] shows 
that 

{{xzw) \y) + {x\ {ywz)) = (2.19) 
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for any x, y,z,t G T, but 

-2(^{{xzw)\y)+{x\{ywz))'^ 

= {[zwx]\y) — {z\'w){x\y) + {x\[wzx]) — {'w\z){x\y) 

= {[zwxWy) + {x\[wzy]). 

Hence and ()2.2d|) are equivalent to (|2.17aj) and ^TH^ . Finally, as- 

suming (|2.2a|) and (|2.2b|) 

A(^{{xyz)vw) — {{xvw)yz) — {x{yv'w)z) — {xy{z'wv))^ 

= —2^[vw{xyz)] — {v\w){xyz) — [yz{xvw)] + {y\z){xvw) 

— [{yvw)zx\ + {{yvw)\z)x — [y{zwx)x] + {y\{zwv))x 

= [vw[yzx]] — {y\z)[vwx] — {v\'w)(^[yzx] — 

— [yz[t'tt;x]] + {v\w)[yzx] + {y\z)[v'wx] — {y\z){v\w)x 

— [[vwyjzx] + {v\w)[yzx] + ([t;tt;y] |z)2; — {v\'w){y\z)x 

— [y[wvz]x] + {w\v)[yzx] + {y\['wvz])x — {y\z){w\v)x 

[vwlyzx]] — [y[vwz]x] — [[vwy]zx] — [yz[vwx 
+ ({[vwy]\z) + {y\[vwz]))x 



which shows that, if (|2.2d|) is satisfied, then (|2.2cj) and (|2.19|) are equivalent. 

□ 

Remark 2.20. See |Bro84j for a proof, in characteristic 3, of the rela- 
tionship between Freudenthal triple systems and Faulkner ternary algebras. 
Also, |FF72| Lemma 3.2 and Corollary 1] deals with this relationship in 
characteristic 7^ 2, 3. 

Now, Theorem l2.18| together with the classification of the simple Faulkner 
ternary algebras with nonzero alternating bilinear form in |FF72l Theorem 
4.1] over fields of characteristic 7^ 2, 3 (which is based on the classification in 
|Mey68 of the Freudenthal triple systems) immediately yields the classifica- 



tion of the simple symplectic triple systems over algebraically closed fields. 
Here we follow the notations in |McC04j concerning Jordan algebras. 

Theorem 2.21. Let k be an algebraically closed field of characteristic 7^ 2, 3 
and let (T, [...], (.|.)) be a simple symplectic triple system. Then either: 

(i) [xyz] = ipx,y{z) for any x,y,z e T; or 

(ii) there exists a Jordan algebras J such that either J = 0, or J = 
Jord{q, e) is the Jordan algebra of a nondegenerate quadratic form 
q with basepoint e (^ |Mc('n4( II.3.3] with trace form t{a, b), where we 
define axb = for any a,b € J, or a Jordan algebra J = Jord{n, c) 
of a nondegenerate cubic form n with basepoint c i^ |Mc(y04l II.4.3] 
trace form t{a, b) and cross product axb, such that, up to isomor- 
phism. 



a a 
b 13 



:a,/3ek, a,beJ}, (2.22) 
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and for Xi = p]) , i = 1, 2, 3; 
' (xijx2) = ai/32 - a2/3i - ^(01,62) +t(6i,a2), 

[X1X2X3] = f ^ with 



7 = (^-3(ai/32 + a2/3i) +^(01,62) + t{a2,bi)ja3 
+ 2(^01^(62,03) + 02^(61,03) - t{ai X 02,03) 
(ai/?2 + 02^1) +t{ai,b2) +t{a2,bi)^as 
+ 2(^{t{b2,a3) - /?2a3)ai + (t(6i,a3) - /3ia3)a2^ 
+ 2(^01(62 X 63) + 02(61 X 63) + 03(61 X 62)) 

- 2(^(01 X 02) X 63 + (ai X 03) X 62 + (02 X a-s) x 61^ 

6 = —7°^, d = —c^, where a = {a(3){ab) (that is, 7°^ and 
are obtained from 7 and c by interchanging a and (3 and 
also a and b throughout). □ 



(2.23) 



Remark 2.24. The case J = above is missing in |i^'F721 Theorem 4.1], it 
corresponds to the case in which M'^ = = M~ in the arguments of |FF721 
Section 4]. 

Remark 2.25. Over an algebraically closed ground field k of characteristic 
^2,3, the Jordan algebras Jord{n, c) of a nondegenerate cubic form with 
basepoint are (see |Jac66[ lMcC04j ). up to isomorphism, either the ground 
field k with n(o) = o^, so that t{a,[3) = 3o/3 for any a, (3 G k, or the 
cartesian product k x J'ord{q,e), for a nondegenerate quadratic form q, or 
the Jordan algebra J = H3{C) of 3 x 3-hermitian matrices over C, where C 
is either k, k x k, Mat2(/c) or the algebra of split octonions. In all cases, c 
is the identity element 1. 



A natural question now is, given the symplectic triple systems in Theorem 
12. 2H what do the simple Lie algebras q{T) look like? In order to answer this 
question, and for future use, we will first consider different constructions of 
symplectic triple systems. 

Examples 2.26. Let (V, (.|.)) be a two dimensional vector space endowed 
with a nonzero alternating bilinear form. 

Symplectic case: Let (T, [...], (.|.)) be a symplectic triple system in item (i) 
of Theorem 12. 2 11 then the Lie algebra g{T) = flg ® Si defined in 12.91 satisfies 
that Qq = sp{V) ©sp(T) and Qi = V iS>T. Moreover, qq embeds naturally in 
the symplectic Lie algebra 5p{V _L T) of the orthogonal direct sum V J- T, 
and so does Qi = V0T by means of — > "^u,x ■ v 1— > {u\v)x^ y ^ {x\y)u, 
for any u,v £ V and x,y € T. This gives an isomorphism q{T) ~ spiV _L 
T). □ 
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Special case: Let be a nonzero vector space over a ground field k and 
let W* be its dual vector space. Consider the direct sum T = W @ W*, 
endowed with the triple product determined by [Vl^PFT] = = [iy*T^*r] 
and 



[xfy] = f{x)y + 2f{y)x, 
[xfg] = -f{x)g - 2g{x)f, 



(2.27a) 
(2.27b) 



for any x,y W and f,g€ W, and of the alternating bilinear form such 
that {W\W) = = {W*\W*) and (/|x) = -{x\f) = f{x) for any x G W 
and / G W* . Then (T, [...], (.|.)) is easily checked to be a symplectic triple 
system, where W and W* are invariant under inder(T). Also note that 
for any x £ W and / G W*, the element dxj\w £ flK^) (determined by 
(|2.27a|) ) has trace equal to (2 + dim VF)/(x), which is if the characteristic 
of k divides 2 + dimVF. 

Moreover, let q{T) = (sp(F) © inder(r)) © (F T) be the associated Z2- 
graded Lie algebra (Theorem 12. 9|) . and identify the Lie algebra gl{V © W) 
of endomorphisms oi V (BW with the set of 2 by 2 matrices {q £)), where 
A G gl(F), D G 0l(VF), B G Homfc(PF,y) and C G Homfc(y,VF). Then if 
3 denotes the center of the special linear Lie algebra 5l{V © W) (3 = if 
char fc dos not divide dim(y © W) = 2 + dim TV, and i = kid otherwise) 
and p5[(y © VK) = siiy (BW)/i denotes the corresponding projective special 
linear Lie algebra, a straightforward computation shows that the linear map 
$ : q{T) ps[(y © W) such that 



$(s) 

$(a (g) x) 
$(a©/) 



s 




+ 3, 







• 


:) 


l(o 
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+ 3 if char k divides 2 + dim W , 



trace (d) 



id ' 

d) id, 

0^ 



otherwise, 



a\.)x 

2/(.)a 




+ 3, 
+ 3, 



for any s G sp(y), d G inder(r), a gV, x £W and / G VF*, is a Lie algebra 
isomorphism. □ 

Orthogonal case: Consider now a vector space W of dimension > 3 over 
our ground field k, endowed with a nondegenerate symmetric bilinear form 
qw{-y •)• On the tensor product V there is another nondegenerate sym- 
metric bilinear form determined by qv^v{0' ® u,b ^ v) = {a\b){u\v). 

Recall that if {U, q) is a vector space endowed with a nondegenerate bi- 
linear form, then the orthogonal Lie algebra 

so{U, q)={fe gl{U) : q{f{x),y) + q{x, f{y)) = 0, Vx, y G [/} 

is spanned by the linear operators ax,y '■ z 1— > q{x^ z)y — q{y, z)x, for x,y £ 



U, which satisfy that [crx,y,crz,t] = 



+ a 



for any x, y,z^t G 



NEW SIMPLE LIE SUPERALGEBRAS IN CHARACTERISTIC 3 13 

U. Moreover, if U is the orthogonal direct sum [/ = f/i _L C/2 of two 
subspaces, then 5o{Ui,qi) {qi = q\ui) is naturally embedded in 5o{U,q), 
i = 1,2, and 5o{U,q) = 5o{Ui,qi) ©so(C/2,g2) © C[/i,c/2- Besides, (JUi,U2 is 
linearly isomorphic to Ui ® U2 and 

= q2{x2,y2)crxi,yi + qi{xi, yi)ax2,y2 G 50{Ui,qi) ®5o{U2,q2) 

for any xi,yi G C/i and X2,y2 G ?72. 

The vector space {V ®V) ®W \s endowed with the nondegenerate sym- 
metric bilinear form which is the orthogonal sum of qv^v and qw, and hence 
its orthogonal Lie algebra is 

5o{{V ®V)®W) = 50{V ®V,qv(i^v) ®50{W,qw)®crvm,w- 

But soiy © V, qv®v) = sp(^) ©5p(y), where the first (respectively, second) 
copy of sp(y) acts on the first (resp., second) slot oiV ®V . Therefore, with 
the natural identifications, one has 

5o{{V ®V)®W) = (spiY) ® sp{V) ® so{W,qw)) ®{V®V®W), 

and 

[a®u®x,b®v®y] = qw{x, y)aa(^u,h®v + (lv®v{a ®u,b® v)ax,y, (2.28) 
for any a,b,u,v £ V and x,y £ W. But qv^^vio- '^u,b®v) = {a\b){u\v) and 
o'a(^u,b(^v{c ^w) = {a\c){u\w)b ®v - {b\c){v\w)a (g) u 

= ^{u\v)'Ja,b{c) + ^{a\b)c (g) Ju,v{w), 

for any a, b, c, u,v,w G V. (To check the last equality, it is enough by Zariski 
density to assume that {a, b} and {u, v} are bases of V, and then even that 
{a\b) = 1 = {u\v). Now one can just express c (respectively w) as a linear 
combination of a and b (resp., of u and v) and expand.) 
Hence equation ()2.28|1 becomes 

[a(^u®x,b®v®y] = ^{u\v)qw{x,y)-fa,b+'^{a\b)qw{x,yhu,v + {a\b){u\v)ax,y, 

for any a,b,u,v £ V and x,y £ W. According to Theorem 12.91 T = V W 
is a symplectic triple system, endowed with the nondegenerate alternating 
form given by [u (S> x\v y) = ^{u\v)qw{x,y), and with the triple product 
given by 

[{u (g) x){v © y){w © z)] = ^qw{x, y)ju,v{w) © z + {u\v)ax,y{z), (2.29) 

for any u,v,w G V and x,y,z G T. Besides, by Proposition 12.41 this sym- 
plectic triple system is simple. Moreover, the Lie algebra q{T) is isomorphic 
to the orthogonal Lie algebra 5o[{V ^V) ®W,q). □ 

G2-case: Assume here that the characteristic of the ground field A; is 7^ 3. 
Let A;[a:;,y] be the polynomial algebra in two variables x and y, and identify 
s[2{k) (~ sp(V^)) with the subalgebra of the Lie algebra of derivations of 

k[x,y] spanned by - 2/|^, y^j. Let Vn = kn[x,y] be the linear 

space of the degree n homogeneous polynomials. Then Vn is invariant under 
the action of 5l2{k) and if the characteristic of k is either or > n, then it 
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is irreducible. In particular, since char ^ 3, V3 is an irreducible module of 
dimension 4 for 5 [2 (A;). 

For any f £ Vn and g £ Vm, the transvection {f,g)g is defined, assuming 
no conflict with the characteristic of k, by |Dix84j : 

{0 if g > min(n, m), 
(n-g)! g ((.y^^ otherwise 

n\ ml 2^i=o [} ^) dxi-idyi dxidyi-i J oiueiwise, 

s o that { f,g)g G K+m-2g- We may identify {V,{.\.)) with (Vi,(.,.)i) 
(jBDEOS Lemma 2.2]). Then ([BDEOHI Theorem 3.2]), the simple Lie alge- 
bra of type G2 appears as the Z2-graded Lie algebra 

02 = (sp(^) e V2) © (y Fs), 

where V2 is a Lie algebra with bracket [/, g] = (/, g)i, 5p{V) V2 is the even 
subalgebra of 02, with [sp(y), V2] = 0, 5p{V) acts naturally on F (g) V3 on 
the first slot, V2 acts on the second slot of F ig) V3 by means of [/, ai^ F] = 
|a (g) (/, F)i, for any f £ V2, a e V and F G V3, and finally, 

[a F, 6 ® G] = (F, G)37a,6 + 2{a\b){F, 0)2 E 5p{V) © ^2, 

for any a,b £ V, F,G £ V3. (Note that we have multiplied by —2 the Lie 
bracket of odd elements in |BDE03[ Theorem 3.2] and have used |BDE03[ 
(2.5)].) 

Theorem 12.91 now shows that T = V3, with alternating bilinear form given 
by (.,.)3 and triple product [FGH] = 3{{F,G)2, H)i, for any F,G,H £ V3, 
is a symplectic triple system, whose associated Lie algebra 0(r) is 02 (simple 
of type G2). □ 



The relationship of the symplectic triple systems described in 12.261 with 
the symplectic triple systems described in Theorem 12.211 is given in the next 
result: 

Theorem 2.30. Let k be an algebraically closed field of characteristic 7^ 2, 3 
and let (T, [...], (.|.)) be a simple symplectic triple system. Then: 

(a) // [xyz] = ipx,ij{z) for any x,y, z £ T (item (i) in \2.21\) . then q{T) is 
isomorphic to the symplectic Lie algebra 5p{V _L T) as in Examples 
\2.2t\ (svmvlectic case). 

(b) // (T, [...], (.|.)) is the symplectic triple system associated to a Jordan 
algebra J which is either or the Jordan algebra of a nondegenerate 
quadratic form with basepoint J = J'ord{q,e), then T is isomorphic 
to the symplectic triple system in Examvles \2.2b\ (special case), for 
a suitable vector space W with dimW^ = 1 + dim J. In particular, 
g{T) is isomorphic to p5l{V © W) ~ psta+dim 

(c) // (T, [...], (.|.)) is the symplectic triple system associated to the Jor- 
dan algebra of a nondegenerate cubic form of type J = kxJ'ord{q,e), 
then (T, [...], (.|.)) is isomorphic to the symplectic triple system in Ex- 
amvles fS. 2b\ (orthogonal case), for a vector space W endowed with a 
nondegenerate symmetric bilinear form, with d\mW = 1 + dim J. In 
particular, q{T) is isomorphic to the orthogonal Lie algebra so (^{V 
V)(S)W) ^so5+dimj(A;). 
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(d) // (T, [...], (.|.)) is the symplectic triple system associated to the Jor- 
dan algebra J = k with cubic form n{a) = a^, then T is isomorphic 
to the symplectic triple system defined on V3 in Examples \2.2b\ (G2- 
case). In particular, g{T) is the simple Lie algebra of type G2- 

(e) If (T, [...], (.|.)) is the symplectic triple system associated to the Jor- 
dan algebra II^{C), where C is either k, kxk, Mat2{k) or the algebra 
of split octonions, thenQ(T) is isomorphic, respectively, to the simple 
Lie algebras of type F4, Eq, Ej and Eg. 

Proof. Part (a) is clear from the arguments in Example 12.261 (symplectic 
case) . 

Also, if either J = or J = J'ord{q, e) for a nondegenerate quadratic form 
q and basepoint e, then one has T = M/'©!^ with W = {{q q) : a e k, a e J} 
and W = {{l^p) : P ek, b£ j}. The subspaces W and W are maximal 
isotropic subspaces of T and we will identify W with the dual W* by means 
of X2 € 1-^ {x2\-) : W ^ k. Moreover, the expression of the triple product 
in (IT^ gives [WWT] = = [W*W*T]. Besides, for any x = ( g g ) G H^, 
f={r^)GW* andy=(2S)GW^, 

r f T f {-3al3 + t{a,b))-f + 2at{b,c) {-aP + t{a,b))c + 2{t{b,c) - f3'y)a' 

[xfy\ - y ^ 

= -{x\f)y-2{y\f)x, 

that is, equation (|2.27a|) is satisfied for any x,y & W and / S W*. Also, 
since {[xfy]\g) + {y\[xfg]) = for any x,y &W and f,g G W* , or by direct 
computation as above, it follows that equation ()2.27b|) is satisfied too. Hence 
part (b) follows. 

Now, in item (ii) of Theorem 12. 2H the dimension of T is always even. If 
dimT = 4, then either T is associated to the unique Jordan algebra J = 
Jord{q, e) of a nondegenerate quadratic form with basepoint of dimension 
1, which is already known to be isomorphic to the symplectic triple system 
in Examples 12.261 (orthogonal case) with dimVF = 2; or J = k with cubic 
form n{a) = and basepoint 1. Then, necessarily, this case corresponds 
to the G2-case in Examples 12.261 

On the other hand, if dimT > 4, then either T is associated to the Jordan 
algebra of hermitian matrices H^^C), and hence the associated Lie algebra 
q(T) is F4,Eq,E7 or Es (this goes back to Preudenthal |Fre54l lFVe59j . see 
also |YA75j ) : or to the unique Jordan algebra J = k ® Jord{q,e) with 
dim J = ^(dimT — 1). The only possibility left here is case (c). □ 

Remark 2.31. For a different construction of the exceptional symplectic 
triple systems in item (e) of Theorem I2.3UI see ;Eld04) . 

Note that the symplectic triple systems that appear in Theorem 12.211 
make sense too over fields of characteristic 3, with the exceptions in case 
(ii) of J = 0, because then [...] is the trivial product by equations ()2.27a() 
and ()2.27b|) . or J = k with n{a) = for any a G k, because then t{a) = 
3a = for any a (z k, so that the trace form is trivial (this has to do with 
the fact that the exceptional Lie algebra of type G2 is no longer simple in 
characteristic 3 -see, for instance, [BEMN02j -). Theorem 12. 161 and Brown's 
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classification of the Freudenthal triple systems in characteristic 3 |Bro84j 
yield: 

Theorem 2.32. Let k be an algebraically closed field of characteristic 3 and 
let (r, [...], (.|.)) be a simple symplectic triple system, then either: 

(i) [xyz] = ^px,y{z) for any x,y,z e T; or 

(ii) there exists a Jordan algebra J of either a nondegenerate quadratic 
form with basepoint, or of a nondegenerate cubic form with basepoint, 
such that T is given by the formulas in (|2.22)) and (|2.23|) ; or 

(iii) diniT = 2, and hence T is described in item (ii) of Proposition \F7^ 
or 

(iv) up to isomorphism, T is the symplectic triple system described in 
Proposition \2.14\ 

Proof. According to |Bro84j , the only differences in characteristic 3 are given 
by the two dimensional symplectic triple systems and a unique exceptional 
symplectic triple system of dimension 8 which, therefore, must be the one in 
Proposition 12. 14l Note that if T is this symplectic triple system, inder(r) is 
the Lie algebra L{1) of Kostrikin, so this symplectic triple system is indeed 
different from the previous ones. □ 



Remark 2.33. The associated Lie algebras q{T) of the algebras in item (iii) 

of Theorem 12.321 are given in equation 1)2.11(1 , Proposition 12.121 and Remark 

12.131 On the other hand, the simple Lie algebra q{T) associated to the 

eight-dimensional symplectic triple system in item (iv) of Theorem 12.321 is 

a simple Lie algebra of dimension 29, which is specific of characteristic 3 

(see Bro90 , Bro82 ) . This Lie algebra is the contragredient Lie algebra with 

/ 2 -1 \ 
Cartan matrix -i 2 -i . 

V -1 / 

As for the Lie algebras associated to the symplectic triple systems in 
items (i) and (ii) of Theorem I2.32| everything works as for characteristic 
^ 2, 3, with the only exception of the symplectic triple system associated 
to the Jordan algebra J = H^{k x k) = Mat3(i^)"'". What happens here is 
that the split Lie algebra of type Eq in characteristic 3 (obtained by taking 
a Chevalley basis of the corresponding complex Lie algebra, then the Z- 
algebra spanned by this basis, and finally tensoring with the field) is no 
longer simple, but has a one-dimensional center (see, for instance, |VK7H 
§3]). Modulo this center, one gets a simple Lie algebra of dimension 77, 
which is precisely the Lie algebra q(T) in this case. This can be deduced 
from |E]dn4j . we will not go into details. 

3. Lie superalgebras and symplectic triple systems 

An interesting feature in characteristic 3 is that any symplectic triple sys- 
tem is an anti-Lie triple system, that is, the odd part of a Lie superalgebra. 
More precisely, we can forget about sp(y) and V in Theorem 12.91 and get, 
not a Z2-graded Lie algebra, but a Lie superalgebra. The precise statement 
is the following: 
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Theorem 3.1. Let (T, [...], (.|.)) he a symplectic triple system over afield 
of characteristic 3. Define the superalgebra q = s{T) = flg ® 01; 'with: 

00 = inder(r), ~qi = T, 

and superanticommutative multiplication given by: 

• qq is a Lie subalgebra of q; 

• 00 ^cis naturally on qi, that is, [d, x] = d{x) for any d € inder(r) 
and X G T; 

• [x,y] = d^^y = [xy], for any x,y eT. 

Then q{T) is a Lie superalgebra. Moreover, T is simple if and only if so is 

m- 

Proof. For any x,y,z G T, using the symmetry in the first two variables of 
[...] H2.2a() . the skew-symmetry of (.|.) and ()2.2b|) . one gets: 

[[x,y],z] + [[y,z],x] + [[2;,rE],y] 

= [xyz] + [yzx] + [zxy] 

= [xyz] + [yzx] — 2[zxy] 

= {[xyz] - [xzy]) + {[zyx] - [zxy]) 

= (^ix\z)y - {x\y)z + 2{y\z)x^ + (^{z\x)y - iz\y)x + 2{y\x)z^ 

= s({y\z)x - {x\y)z^ = 0. 

This shows that q{T) is a Lie superalgebra. 

Moreover, any ideal / of T induces the ideal dj^T (B L of q(T). Conversely, 
if a = Oo®oj is a nonzero ideal of ^(T), then / = aj / 0, as qq acts faithfully 
on ~Qi. Then [TTL] = [gg, a^] C = /, while [LTT] = [[ai,~gi],~9i] ^ = /. 
Hence / is a nonzero ideal of T. This proves the last part of the Theorem. □ 

Let k he a field of characteristic 3 and consider the symplectic triple 
systems in Examples 12.261 

In the symplectic case, [xyz] = ipx,y{z) for any x,y,z € T, so that 
inder(T) = sp(T) and q(T) = 5p(T) T, which is isomorphic to the or- 
thosymplectic Lie superalgebra 05p(VF) of the superspace W = Wq © Wi, 
with Wq = ke (a vector space of dimension 1), Wi = T and supersymmet- 
ric bilinear form given by extending (.|.) on T by means of (e|e) = 1 and 
(e|r) = 0. 

In the special case: T = W(BW* with triple product determined in (|2.27|) . 
The restriction map inder(T) — > ^[(H^), d i— > d\w, gives an isomorphism 
between inder(T) and either sl(VF) or ^[(H^) (depending on the dimension 
of W being or not congruent to 1 modulo 3). Let W be the superspace 
with Wq = ke and Wi = W, and identify the special linear superalgebra 
sl{W) with the vector space of 2 x 2 matrices { ( ^ ^4 ) : x £ W, f e 
W\Ae el{W)}. Let j be the center of 5l{W) (3 = if dimPF ^ 1 
modulo 3, and dim^ = 1 otherwise), and let ps[(W^) = 5l{W)/j be the 
corresponding projective special linear Lie superalgebra. Then the linear 
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map ^ : g{T) p5l{W), such that: 




ifdimT^ = l (mod 3), 

Zcrii I +3 Otherwise, 

for any x G W, f G W* and d € inder(r), is an isomorphism of Lie super- 
algebras. 

In the orthogonal case, T = V CS)W , where y is a two dimensional vector 
space endowed with a nonzero alternating bilinear form (.|.), and W is a 
vector space of dimension > 3 endowed with a nondegenerate symmetric 
bilinear form qw. In this case, from Examples 12.261 (orthogonal case): 

g{T) = (sp(y) e 50{W, qw)) (B{V®W), 

with (j2?29|) yielding 

[u(g)x,v(^y] = ^qw{x, y)lu,v + {u\v)ax,y, 

for any u,v and x, y € W . Then q{T) is easily checked to be isomorphic 
to the orthosymplectic Lie superalgebra of the vector superspace W , with 
Wq = W and Wi = V, endowed with the nondegenerate supersymmetric 
bilinear form given by qw on Wq and (.|.) on Wi- 

Also, if T is a simple symplectic triple system of dimension 2, then by 
Theorem 12.71 there is a scalar ^ e £ k such that T ~ r2 e • From equation 



(|2.11j) . we conclude that 9{T)q ~ sl2{k) and q{T)i is the two dimensional ir- 
reducible module for Q{T)f). Hence §(T) is isomorphic to the orthosymplectic 
Lie superalgebra ospi 2{k). 

The conclusion is that only well-known simple Lie superalgebras appear 
as q{T) for these 'classical' symplectic triple systems. However, the Lie 
superalgebras q{T) for the remaining simple symplectic triple systems in 
Theorem 12.321 have no counterpart in characteristic (see |Kac77| FSchTflj ). 
thus providing new simple Lie superalgebras in characteristic 3: 

Theorem 3.2. Let k be an algebraically closed field of characteristic 3. Then 
there are simple finite dimensional Lie superalgebras g over k satisfying: 

(i) dimg = 18 (= 10-1-8), gg ^-^ Kaplansky Lie superalgebra L{1) and 
Qi is its 8-dimensional irreducible module in Proposition \2. 14\ 

(ii) dim 5 = 35 (= 21 -|- 14), gg is the symplectic Lie algebra spg(A:) and 
Qi is a 14- dimensional irreducible module for Qq. 

(iii) dimg = 54 (= 34-1-20), gg ^-^ projective special Lie algebra p5lQ{k) 
and Qi is a 20 -dimensional irreducible module for gg. 

(iv) dimg = 98 (= 66 -|- 32), gg is the orthogonal Lie algebra S0i2(fc) and 
Qi is a 'i2- dimensional irreducible module for Qq (spin module). 

(v) dimg = 189 (= 133-1-56), gg is the simple Lie algebra of type Ej and 
gj is a bQ- dimensional irreducible module for gg. 



NEW SIMPLE LIE SUPERALGEBRAS IN CHARACTERISTIC 3 



19 



Proof. It is enough to consider the simple symplectic triple systems in Theo- 
rem l2.32l not considered in the previous remarks. These are the 8-dimensional 
simple symplectic triple system in Proposition 12.141 and the simple sym- 
plectic triple systems corresponding to the Jordan algebras J = H^{C) for 
C = k, k X k, Mat2(/i;) or the split octonions. The irreducibility in (i) fol- 
lows from the description before Proposition 12.141 and for the remaining 
four cases it can be checked from the description of these symplectic triple 
systems in |Eldn4j . □ 

Remark 3.3. For the Lie superalgebras in items (ii)-(v), the odd part gj is 
given by a simple symplectic triple system T, and the action of gg = inder(T) 
on gj = r coincides with the action inside the Lie algebra g{T) in Theorem 
12.91 Since in all these cases, q{T) is a restricted Lie algebra, it follows that 
Qi is a restricted irreducible go"™odule. Actually, with some care (using for 
instance |,Eldn4.. §4]), it is checked that, with the ordering of the simple roots 
as in |Boun2j gj is the irreducible restricted gg-module of highest weight 
in cases (ii) and (iii), any of or loq in case (iv) and loj in case (v). (See 
also |Knin4j .1 

It must be remarked here that, in the proof of Theorem l.S. 11 the fact that 
the alternating bilinear form (.|.) on T is nonzero has played no role. This 
suggests the next definition. 

Definition 3.4. Let T be a vector space over a field k endowed with a triple 
product T xT xT ^ T, (x, y, z) i-^ [xyz]. Then (T, [...]) is said to be a null 
symplectic triple system if it satisfies the following identities: 



That is, the triple product is symmetric on its arguments, and for each 
X, y € T, the linear dx,y = [xy.] is a derivation. Again, the linear span of 
these maps d^.y's will be denoted by inder(r). 

For Freudenthal triple systems, Kantor also considered the possibility of 
the alternating form to be zero in |Kan90j . 

Note that the construction in Theorem 12.91 mav be modified for null sym- 
plectic triple systems to give, with the same kind of arguments: 

Proposition 3.6. Let (T, [...]) be a null symplectic triple system and let 
{y, (.|.)) be a two dimensional vector space endowed with a nonzero alter- 
nating bilinear form. Define the 'L2-graded algebra g = g(T) = gg ® gi with 



and anticommutative multiplication given by: 

• Qq is a Lie subalgebra of q; 

• gg acts naturally on gj, that is, [d,v ® x\ = v d{x) for any d € 
inder(T), v G V, and x E T; 



[xyz] = [yxz] = [xzy], 

[xy[uvw]] = [[xyu]vw] + [u[xyv]w] + [uf [xyu;]]. 



(3.5a) 
(3.5b) 



gg = inder(r) 
5l = V^T, 
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• for any u,v (zV and x, y G T: 

[u(S^x,v®y] = {u\v)dx,y (3.7) 
where dx^y = [xy.]. 

Then q{T) is a Lie algebra. Moreover, q{T) is simple if and only if so is 
(r, [...], (.|.))- 

Conversely, given a 7,2-graded Lie algebra = flg ® fli' '"^^^^ 00 = ^ ^'^'^ 
0j = V ®T, where T is a module for 5 and the multiplication of odd elements 
is given by ()3.7p for a skew- symmetric bilinear map d_^_ : TxT — >■ 5, {x,y) 

T is a null symplectic triple system with the triple product defined 
by [xyz] = dx,y{z), for any x,y,z e T. 

Proof. The fact that 0(T) is a Lie algebra and the converse follow easily. 
Now, if / is an ideal of T (note that for null symplectic triple systems the 
ideals are precisely the inder(T)-submodules of T), then di^T ® {V ® I) is 
an ideal of 0(r). Conversely, assume that T is simple, so Qi is the direct 
sum of two isomorphic irreducible modules for 0o and hence it cannot be 
the adjoint module for Qq. Thus, it is enough to prove that has no proper 
homogeneous ideals. As in Theorem 12. 9| we may assume that if a = ag ® oj 
is a proper ideal of 0, then 7^ aj; so by irreducibility of T, aj = u T 
for some u £ V. Since % ^ [01, ® T] = inder(T) = 05, and then 
01 = [00; Bi] ^ ci) a- contradiction. □ 



Remark 3.8. Given a null symplectic triple system (T, [...]), consider the 
Lie algebra q{T) defined in Proposition 13.61 If {v,w} is a symplectic basis 
of (y, {.{■)), then the decomposition 0(r) = (v^T) ©inder(r) (B{w(^T) is a 
3-grading of 0(r). This shows that the Lie algebras g{T), for null symplectic 
triple systems, are precisely the 3-graded Lie algebras = 0-i ®0o©0i such 
that 01 and 0_i are isomorphic as modules over 0o. 

Over fields of characteristic 7^ 3, there are no simple null symplectic triple 
systems: 

Theorem 3.9. Let k be a field of characteristic 7^ 2, 3. Then there are no 
simple null symplectic triple systems over k. 

Proof. Assume, on the contrary, that (T, [...]) is a simple null symplectic 
triple system over k. We will get a contradiction following several steps: 
(i) Let us prove first that for any x G T, d^. ^ = 0: 

In fact, from 1)3. 5|) we conclude that for any x,y E T, [dx,y,dx,x] = 
"^d^xyx],!- But also, [dx^yjdx^x] — [dxjXjdx^y] = d^xxx],y dx^[xxy]- Therefore 

'^dx^[xxy] d^xxx],yj (3.10) 

for any x,y € T. If this is applied to x, one gets by ()3.5a|l that 3[xx[a;a;y]] = 
— = — 3[xa;[xa;y]] (since d^^^y is a derivation) . Therefore, 6 = 

and hence ^ = 0. 

By linearization of ^ = we get 

dx,xdy^y ~t~ dy^ydx^x ~1~ ^dx^y — (3.11) 

for any x,y £ T. 
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(ii) For any x,y eT, dx,xdy,ydx,x = -d\xxy\,[xxyy- 

Since d^. ,, = 0, [dx,x, [dx,x,dy^y\] = -2dx,xdy,ydx,x- But, by the derivation 
property and the symmetry of the triple product, also [dx^x, [dx,x,dy^y]] = 
'2[dx,x,d[xxy],y] = '2d[xxy],[xxy]j whencc the result. As a consequence, we get 
that for any x G T: 

[[xxT][xxT]T] C [xxT]. (3.12) 

(iii) There are elements x T such that dx^x = 0: 

Take 7^ S" a minimal nonzero subspace of T with the property that 
[S'5'T] C S. By equation 1)3. 12(1 . for any x £ S, Sx = [xxT] C S 
and also [SxSxT] C Sx- Therefore, either dx^x = and we are done, or 
Sx = S and hence there is an element y £ S such that \xxy] = x. But then 
[xxx] = dx,x{x) = d^ ;^{y) = 0, so by (|3.1()j) 2>dx^x = [^^.^j = 0, and thus 
X = dx,x{v) = 0, a contradiction. 

(iv) T is the linear span of the elements x with dx^x = 0: 

By (ii), if dx^x = 0, then also = 0- Thus the span of {x S T : 

dx,x = 0} is inder(r)-invariant, and hence an ideal of T. 

(v) A subtriple S" of T is said to be solvable if belongs to the chain of 
subtriples defined by 5^°) = S and = [S^^S^^S^^] for any i > 0. 
Then, if S" is a solvable subtriple of T, the subalgebra of the associative 
algebra Endfc(r) generated by ds,s is nilpotent: 

This can be proved by induction on the minimal natural number n such 
that S^""^ = 0. This is trivial for n = 0. Otherwise, let R be the subalge- 
bra of Endfc(T) generated by ds^s and let A be the subalgebra generated 
by ^^(i) By induction hypothesis, A is nilpotent. Consider also the 
subalgebra B of Endfc(T) generated by d^ ^{i). Let us first check that B is 
nilpotent. 

Since [ds^s^dg C dg(i) ^(i), it follows that RA C AR + A, and hence 
/ = AR + A is a nilpotent ideal of R. Now, for any s, t G S and si, ti E S^^\ 
[ds,si,dt,ti] = diss-,t],ti+dt,[ssrti] arid dissit],ti belongs to d^-ci) .5(1) C A C Bnl. 
Therefore, the generating subspace (d^g ^{i) + Br\l)/BriIoiB/Br\Iis 
closed under commutation. Also, for any 2; € S and y € S^^\ d^ y = 
-jidx,xdy y + dy ,ydx,x) e RA + AR C I (by STHl). Hence, by Engel's 
Theorem |.Tac66| Theorem II. 1], the subalgebra B/B n I is nilpotent and, 
since I is already known to be nilpotent, we conclude that the subalgebra 
B is nilpotent. 

On the other hand, [ds^s,dg g{i)] C dg 5.(1), so that RB C BR + B. Hence 
J = BR + i? is a nilpotent ideal of R. Also, [ds^s-, ds,s\ ^ dg ^.(i) B C J. 
Thus, R/J is a commutative algebra generated by nilpotent elements, and 
hence R/J is nilpotent, and so is R, as required. 

(vi) To get to a contradiction, let 5 be a maximal solvable subtriple of T. 
Since T is simple, S ^ T. By (v), ds,s acts nilpotently on T, so that, 
because of (iv), there is an element w £ T \ S such that d^^w = and a 
natural number n such that dg g{w) S, but d^'^g{w) C S. Hence, there are 
elements xi, . . . , x„ G S such that x = dx^^^xi • • • dx„,x„{'w) ^ S, ds,s{x) C 5 
and, because dyj^w = and (ii), also dx,x = 0. Take S' = S + kx. Then 
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[5'S"5'] C [S'S'S'] + [SSx] C S. Hence S' is solvable and larger than S, a 
contradiction. □ 



Remark 3.13. This proof is inspired in similar proofs for Jordan pairs 
|Loo75> Ch. 14]. Actually, observe that if {v,w} is any basis of V, then the 
decomposition q(T) = (v (g) T) © inder T © (it? (g) T) is a 3- grading of q{T), and 
hence the pair (v ^T,w ®T) is a Jordan pair (characteristic ^ 3), which 
is simple if so is T. One can use then known results on Jordan pairs to get 
Theorem 13.91 but we have preferred to give a self contained proof. 

By Theorem I2.18( the null symplectic triple systems correspond bijec- 
tively to the Faulkner ternary algebras with trivial alternating bilinear form. 
Therefore, we get the following improvement of |FF72[ Lemma 3.1], which 
in turn, shows that |FF72j contains a complete classification of the simple 
Faulkner ternary algebras over algebraically closed fields of characteristic 
^2,3. 

Corollary 3.14. Let k be a field of characteristic ^ 2,3. Then a Faulkner 
ternary algebra (T, (...), (.|.)) over k is simple if and only if (.|.) is nonde- 
generate. 

Proof. By Theorem l3.9| if (T, (...), (.|.)) is simple, then (.|.) is not and now 
Proposition 12.41 (or |FF721 Lemma 3.1]) applies. □ 

The comments in the paragraph previous to Proposition l2.7l show that any 
two dimensional simple symplectic triple system over a field of characteristic 
3 is actually a simple null symplectic triple system. The following conjecture 
sounds plausible. 

Conjecture 3.15. The dimension of any simple null symplectic triple sys- 
tem over a field of characteristic 3 is two. 



4. Orthogonal triple systems 

If the symmetry and skew-symmetry in the definition of a symplectic 
triple system (Definition 12. 1|) are interchanged, one obtains the definition of 
orthogonal triple systems, which first appeared in |Oku93| Section V]: 

Definition 4.1. Let T be a vector space endowed with a nonzero symmetric 
bilinear form (.|.) : T x T k, and a triple product T x T x T ^ T: 
{x,y,z) I— > [xyz]. Then (T, [...], (.|.)) is said to be a orthogonal triple system 
if it satisfies the following identitities: 

[xxy] = (4.2a) 

[xyy] = {x\y)y - {y\y)x (4.2b) 

[xy[nfi(;]] = [[xy'u]t'ii;] + [u[xyu]w] + [nw[2;yw]] (4.2c) 

{[xyu]\v) + {u\[xyv]) = (4-2d) 



for any elements x, y, u,v,w G T. 
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Note that H4.2bl) can be written as 

[xyy] = crx,y{y) (4.3) 

with (Jx,y{z) = {x\z)y — {y\z)x. (If (.|.) is nondegenerate, the maps Ox^y span 
the orthogonal Lie algebra 50 (T).) 

Also, as for the symplectic case, 1)4. 2c() is equivalent to d^^y = [xy] being 
a derivation of the triple system. Let inder(r) be the linear span of {dx^y '■ 
x,y £ T}, which is a Lie subalgebra of End(T). Equation ()4.2d|) is equivalent 
to dx,y € so(r) for any x,y € T. 

Here condition ()4.2d|) is always a consequence of the previous ones. This 
is trivial if dimT = 1; otherwise take linearly independent elements u,v £ T. 
Then ()4.2c() with w = v gives, using (I42K1) . that 

^([x2/u]|f) + {u\[xyv])jv = 2{[xyv]\v)u, 

whence the claim. Anyway, we have preferred to keep 1)4. 2d|) in the definition. 

The definition of homomorphism between two orthogonal triple systems 
and of ideal and simplicity are the natural ones. 

Orthogonal triple systems are strongly related to another class of triple 
systems: the (—1,-1) balanced Freudenthal Kantor triple systems (see 
|EKU03j and the references there in). 

With the same kind of arguments, as in the proof of Proposition 12.41 fsee 
also [KKOaSI Theorem 2.2]) one gets: 

Proposition 4.4. Let (T, [...], (.|.)) be an orthogonal triple system. Then 
(T, [...], (.|.)) is simple if and only if the bilinear form (.|.) is nondegenerate. 

And by mimicking the proof of Theorem 12.91 or using |EK()n31 Theorem 
2.1], it is shown how orthogonal triple systems are related to a specific class 
of Lie super algebras: 

Theorem 4.5. Let (T, [...], (.|.)) be an orthogonal triple system and let 
(V, {■{■)) be a two dimensional vector space endowed with a nonzero alter- 
nating bilinear form. Define the superalgebra q = q{T) = flo ® 0i with 

Qq = 5p(y) © inder(T) (direct sum of ideals), 

and superanticommutative multiplication given by: 

• Qq is a Lie subalgebra of q; 

• Qq acts naturally on Qi, that is, 

[s, V iS> x] = s{v) (g) X, [d,v x] = V (g) d{x), 

for any s G 5p{V), d G inder(T), v £ V, and x G T; 

• for any u,v £ V and x,y £ T: 

[u(g)x,v^y] = {x\y)ju,v - {u\v)dx,y (4.6) 

where ju,v = (^'l-)^^ + (^'1-)^ ".nd dx,y = [xy.]. 
Then q{T) is a Lie superalgebra. Moreover, g{T) is simple if and only if so 
(T, [...],(.!.)). 
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Conversely, given a Lie superalgebra = flo ® 0i ^^^^ 

3(3 = 5p(y) © 5 (direct sum of ideals), 
Ql = V iSiT (as a module for qq), 

where T is a module for s, by QQ-invariance of the Lie bracket, equation 
(|4.6|) is satisfied for a symmetric bilinear form (.|.) : T x T k and a 
skew- symmetric bilinear map d,^, : T x T ^ s. Then, «/(.[.) is not and a 
triple product on T is defined by means of [xyz] = dx,y{z), (T, [...], (.|.)) is 
an orthogonal triple system. 

Over fields of characteristic 0, the classification of the simple (—1, —1) 
balanced Freudenthal Kantor triple systems in |EKU03l Theorem 4.3] im- 
mediately implies the following classification of the simple orthogonal triple 
systems. 

Theorem 4.7. Let k be a field of characteristic zero and let {T, [...], (.|.)) 
be a simple orthogonal triple system over k. Then either: 

(i) [xyz] = {x\z)y — {y\z)x (= cr,j:^y{z)) for any x,y,z £ T (^orthogonal 
type). In this case inder(r) =5o(r). 

(ii) There is a quadratic etale algebra K over k such that T is a free K- 
module of rank at least 2>, endowed with a nondegenerate hermitian 
form h : T X T ^ K (h{x, y) = h{y, x), h{rx, y) = rh{x, y), for any 
x,y € T and r £ K, where r ^ f is the standard involution on K) 
such that 

{x\x) = h{x,x) ^^g^ 
[xyz] = h{z,x)y - h{z,y)x + ^{h{x,y) - h{y,x))z 

for any x,y, z G T ( unitarian typej. In this case inder(T) is the uni- 
tarian Lie algebra \x{T,h) = {/ S Endif(T) : h{f{x),y)+h{x,f{y)) = 
0, for any x,y G T}. 

(iii) There is a quaternion algebra Q over k such that T is a free left Q- 
module of rank > 2, endowed with a nondegenerate hermitian form 
h : T X T ^ Q satisfying (|4.8I) (^symplectic typej. In this case 
inder(T) is the direct sum of the symplectic Lie algebra 5p{T,h) = 
{/ G EndQ(T) : h{f{x),y) + h{x,f{y)) = 0, for any x,y eT} and 
of the three dimensional simple Lie algebra [Q,Q]- 

(iv) dimfc T = 4 and there is a nonzero skew-symmetric multilinear map 
TxTxTxT^k such that, for any x, y,z,t G T, 

[xyz] = {xyz} + cr.j.^y{z), (4.9) 

where {...} is defined by means of ^{x,y, z,t) = {{xyz}\t). In this 
case there is a scalar ^ fi G k such that ({aia2a3}|{&i&2^3}) = 
/X det((aj|6j)) (T)^-type). For fi = 1, inder(r) is a three dimensional 
simple Lie algebra, while for ^ ^ 0,1, inder(T) = so(T). 

(v) dimfc T = 7 and there is an eight- dimensional Cayley algebra C over 
k with trace t and a nonzero scalar a & k such that T = Cq = {x G 
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C : t{x) = 0} and for any x,y, z & T, 

= —2at{xy) 




where D^^^y = [L^.Ly] + [L^^Ry] + [R^^Ry] G der(C) (L^ and R^ 
denote the left and right multiplications by x in C) (^G-typeJ. In 
this case inder(T) is the Lie algebra of derivations of C : der(C) 
(viewed as a Lie subalgebra of q{{Cq)), which is a simple Lie algebra 
of type G2- 

(vi) dinifc T = 8 and T is endowed with a 3- fold vector cross product 
X of type I (see Eld96^ and the references there in) relative to a 
nondegenerate symmetric bilinear form b{.,.) (so that 

6(X(ai,a2, as), X(ai, 02,03)) = det(6(aj, a^)) 

for any oi, 02, 03 € T) such that 

[xyz] = X{x, y, z) + 3r^,j;(z) (4.11) 

for any x,y, z & T, where Tx,y = b{x, .)y — b{y, .)x and (.|.) = 36(., .) 
(F-type). In this case inder(T) is isomorphic to the orthogonal Lie 
algebra 5o{W, b), where W is any regular seven dimensional subspace 
of T relative to b. Besides, T is the spin module for inder(T) . 



Remark 4.12. Two orthogonal triple systems in different items in Theo- 
rem 14.71 are never isomorphic, and the conditions for isomorphism among 
orthogonal triple systems in the same item can be read off EKO03, Theo- 
rem 4.3]. Only the F-type has been described in a slightly different way as 
it is in |EKU03j . where our X denotes what appears as ^X there. 

As for symplectic triple systems, the definition of orthogonal triple sys- 
tems makes sense even if the symmetric bilinear form involved is trivial. 

Definition 4.13. Let T be a vector space over a field k endowed with a 
triple product T xT xT ^ T, {x,y,z) 1-^ [xyz]. Then (T, [...]) is said to be 
a null orthogonal triple system if it satisfies the following identities: 

[xyy] = [yyx] = 0, (4.14a) 
[xy[nfi(;]] = [[xyn]T;it;] -|- [u[xyv]w] + [uv[xyw]]. (4.14b) 

The following counterpart to Proposition 13.61 follows with the same sort 
of arguments used there: 

Proposition 4.15. Let (T, [...]) be a null orthogonal triple system and let 
{V, (.|.)) be a two dimensional vector space endowed with a nonzero alter- 
nating bilinear form. Define the superalgebra q = q(T) = flg ® 01 ^^^^ 

gg = inder(r) , 

ei = V(g)T, 

and superanticommutative multiplication given by: 
• Qq is a Lie subalgebra of q, 
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• Qq acts naturally on gj, that is, [d,v iSi x] = v ® d{x) for any d G 
inder(T), v , and x G T; 

• for any u^v and x, y G T: 

[u x^v ® y] = {u\v)dx,y (4-16) 
where dx^y = [xy.]. 

Then g{T) is a Lie superalgebra. Moreover, q{T) is simple if and only if so 
zs (T, [...],(.!.)). 

Conversely, given a Lie superalgebra S = flg © fli? with gg = s ci'nd gj = 
V ®T , where T is a module for s and the multiplication of odd elements is 
given by ()4.16|) for a bilinear symmetric map d.^. : T xT ^ s, {x,y) i— > dx,y; 
then T is a null orthogonal triple system with the triple product defined by 
[xyz] = dx,yiz), for any x,y,z e T. 

Remark 4.17. As for symplectic triple systems, given a null orthogonal 
triple system (T, [...]), consider the Lie superalgebra g(T) defined in Propo- 
sition If {v,w} is a symplectic basis of [V, (.|.)), then the decomposi- 
tion g(r) = (f (g) T) © inder(T) © (tD (g) T) is a consistent 3-grading of g(r) 
(flo = 00 and Qi = g_i © gi). This shows that the Lie superalgebras g(T), 
for null orthogonal triple systems, are precisely the consistently 3-graded 
Lie superalgebras g = g_i © go © gi such that gi and g_i are isomorphic as 
modules over go- 

The classification in Theorem 14.71 can be completed by means of the fol- 
lowing: 

Theorem 4.18. Let (T, [...], (.|.)) be a simple null orthogonal triple system 
over a field k of characteristic 0. Then dim^ T = 4 and there is a non- 
degenerate symmetric bilinear form (.|.) and a nonzero multilinear skew- 
symmetric map TxTxTxT^k such that 

^x,y,z,t) = {[xyz]\t) (4.19) 

for any x, y,z,t G T. Conversely, any triple system defined by means of 
(|4.19j) is a simple null orthogonal triple system. 

Moreover, given two such null orthogonal triple systems (Ti, and 
{T2, [■■■]2) over k with associated multilinear maps and $2 (md nonde- 
generate symmetric bilinear forms (.|.)i and (.|.)2, let fii (I = 1,2) be the 
nonzero scalars such that 

{[xiX2X3]\[yiy2y3\) I = w det (^{xi\yj)i^ 

for any Xi,yi G Ti. Then (Ti, is isomorphic to {T2, [■■■]2) if o,nd only 

if there is a similarity ip : (ri,(.|.)i) — > (r2,(.[.)2) of norm a (that is, 
(^ip{x)\ip(y)) ^ = a{x\y)i for any x,y £ Ti) such that ^1 = ^20^- 

Proof. Assume first that dim^T = 4 and that there are maps ^ and (.|.) 
such that (|4.19j) is satisfied. Then [...] is skew-symmetric (|4.14aj) . since so 
is Then, if {61,62,63,64} is any basis of T with <&(6i, 62, 63, 64) = 1, 
and {6^,6^,6^,6^} is its dual basis relative to (.|.), the map (iei,e2 = [6162-] 
annihilates 61 and 62 and takes 63 to and 64 to — e^. This argument shows 
easily that the maps de^^ej (1 ^ ^ < J ^ 4) are linearly independent, and 
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hence dim cIt^t = 6. On the other hand, because of ()4.19|) . dx^T Q ^"(2^) so, 
by dimension count, cIt^t = so(r), which is contained in the special hnear 
Lie algebra 5l{T). But ^ is invariant under sl(r), so both ^ and (.[.) are 
invariant under cIt^t- This shows that [...] is invariant too under cIt^t, which 
is equivalent to condition (|4.14b|) and, therefore, (T, [...]) is a null orthogonal 
triple system, which is irreducible as a inder(r) = so(r)-module, and hence 
simple. 

Now, if ip : (Ti, — > {T2, [••.]2) is an isomorphism between two of these 
null orthogonal triple systems, then for any 01,02 € Ti, [ip{ai)ip{a2) ■]2 = 
ip[aia2 , so that cp induces an isomorphism tp : 5o{Ti) — > so(r2), 

d I— > ifdif^^. But then (.|.)i and [(p{.)\ip{.)^ ^ are both invariant under the 
action of so(ri). Therefore, there is a nonzero scalar a & k such that 
{^Lp{x)\ip{y)) 2 = a{x\y)i for any x,y G Ti, and is a similarity of norm a. 
Moreover, for any xi, X2, X3, yi, y2, ys ^ ^i: 

a^^ldet{{xi\yj)l) = a([xi2;2a;3]i|[yiy2y3]i)i 

= {ip{[xiX2X3]i)\ip{[yiy2y3]i)2 

= {[f{xi)v{x2Mx3)]2\[f{yi)f{y2)f{y3)]2)2 

= fi2 det{{ip{xi)\ip{yj))2) 
= fj.2a^ det((xi|yj)i) 

so that fj-i = ^20i^- Conversely, assume that : (^i, (-Di) — ^ (^2, (•|-)2) is a 
similarity of norm a such that /ii = /i2CK^- Then, since the skew-symmetric 
multilinear map on Ti given by <I>'^(x, y, z, t) = ^2{ipix),ip{y),ip{z),ip{t)) is 
(as dim^ Ti = 4) a scalar multiple of <I>i, there is a nonzero scalar P £ k 
such that ^2{ip{x),ip{y),ip{z),ip{t)) = P^i{x,y,z,t) for any x,y,z,t € Ti, 
and hence we conclude that 

[ip{x)ip{y)ip{z)]2 = -ij{[xyz]i) 
a 

for any x,y,z e Ti. But now, for any xi, X2, X3, yi, y2, ys G Tr. 
a/iidet((xi|yj)i) = a([xiX2X3]i|[yiy2y3]i)^ 

= (^([xiX2X3]i)|V'([yiy2y3]i))2 

= (f)' {mximx2mx3)]2myimy2my3)]2)2 

= (f)%2det((V'(x,)|V(y,))2) 
= (^1) /i2a^det((xi|yj)i) 

and, since fii = fi20.'^, we obtain = 1 or /? = ±a. In case P = a, ip is an 

isomorphism between (Ti, [...]i) and (T2, [...]2), while if /3 = —a, ip satisfies 
V'([xyz]i) = —[ip{x)ip{y)ip{z)]2 for any x,y,z G Ti. But we can always take 
an orthogonal map (T of (Ti,(.|.)i) (that is (cj(x)|(j(y))i = (x[y)i for any x, y) 
with deter = —1. Then, for any x,y,z,t € Ti, ^i{a{x),a{y),a{z),a{t)) = 
— $i(x, y, z, t), so that (T([xy2;]i) = —[a{x)a{y)a{z)]i and the composite map 
■00" is an isomorphism. 
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Finally, let us show that these four dimensional simple null orthogo- 
nal triple systems are the only ones. To do so, we may assume that k 
is algebraically closed. Note that, by Proposition 14.151 any simple null 
orthogonal triple system (T, [...]) gives rise to a simple Lie superalgebra 

= g(r) = 00 © 0i> where 05 = inder(r) and 0i = F (g) T, with [V, {].)) is 
a two dimensional vector space endowed with a nonzero alternating bilinear 
form. The simplicity of T shows that 0j is a sum of two copies of an irre- 
ducible module for 0^. A close look at the classification in |Kac77j reveals 
that the only possibility for 0(T) is to be isomorphic to psl2 2(^)1 so that 
inder(r) = 5\2{k) ® shik) = 5p(F) ©sp(y) and T is the four dimensional 
irreducible module V (^^V (the i"^ copy of sp(y) acts on the i"^ slot oiV^V , 

1 = 1,2). Therefore, dim^ T = 4 and T is endowed with a nondegenerate 
symmetric bilinear form (.|.), invariant under inder(T), as so does V ®V 
with respect to sp(y) ©sp(y) (the symmetric bilinear form is just the ten- 
sor product of the alternating forms on each copy oiV). Hence the formula 
^{x,y, z,t) = {[xyz]\t) defines a multilinear skew-symmetric map and the 
proof is complete. □ 

There appears the natural open question of the classification of the simple 
(null) orthogonal triple systems over fields of prime characteristic. All the 
examples in Theorems 14 . 71 and 14.181 have their counterparts in prime charac- 
teristic, with only a couple of changes needed for the simple orthogonal triple 
systems of G and F types in characteristic 3. The F-type orthogonal triple 
system becomes a simple null orthogonal triple system in characteristic 3. 
On the other hand, given a Cayley algebra over a field k of characteristic 
3, the linear span of the derivations Dx^yS form the unique simple ideal 
inder(C), of dimension 7, of the fourteen dimensional Lie algebra of deriva- 
tions der(C), as shown in |BEMNd2] . where it is proved that inder(C) is a 
form of the simple Lie algebra )p5\^{k) (the simple Lie algebra of type A2 
in characteristic 3). Moreover, any form of )p5l^{k) is the inner derivation 
algebra of a Cayley algebra. Hence, over fields of characteristic 3, the simple 
orthogonal triple systems of G-type make sense, but their inner derivation 
algebras are seven dimensional, instead of fourteen dimensional, and thus 
dim0(r) = (3 + 7) + (2 X 7) = 24. 

The proofs of Theorems 14.71 and 14.181 are based in the classification by 
Kac of the simple finite dimensional Lie superalgebras over algebraically 
closed field of characteristic 0, so different methods are needed in prime 
characteristic. 

Here, we will content ourselves with showing that over fields of character- 
istic 3, there is a new family of simple orthogonal triple systems related to 
Jordan algebras of nondegenerate cubic forms with basepoint. 

Examples 4.20. Let J = Jord{n, 1) be the Jordan algebra of a nondegen- 
erate cubic form n with basepoint 1, over a field k of characteristic 3, and 
assume that dim^ J > 3. Then any x G J satisfies a cubic equation |McC041 
II.4.2] 

- t{x)x'^ + s{x)x - n{x)l = 0, (4.21) 

where t is its trace linear form, s{x) = t{x^) is the spur quadratic form and 
the multiplication in J is denoted hy x ■ y. 
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Let Jo = {x G J : t{x) = 0} be the subspace of zero trace elements. 
Since char = 3, t(l) = 0, so that kl £ Jq. Consider the quotient space 
J = Jo/kl. For any x G Jq, s{x) = — and, by linearization of (|4.21|1 . 
we get that for any x,y G Jq: 

y'"^ ■ X - {x ■ y) ■ y = -2t{x,y)y -t{y,y)x mod/cl, ^^^^^ 

= t{x,y)y — t{y,y)x mod/cl. 

Let us denote by x the class of x modulo k 1. Since Jq is the orthogonal of /c 1 
relative to the trace bilinear form t(a, b) = t{a -b), t induces a nondegenerate 
symmetric bilinear form on J defined by t{x,y) = t{x,y) for any x,y € Jq. 
Now, consider for any x,y G Jq the inner derivation of J given by D^^y : 
z ^ X ■ {y ■ z) — y ■ {x ■ z) (see |.Tac66j ). Since the trace form is invariant 
under the Lie algebra of derivations, Dx^y leaves Jq invariant, and obviously 

satisfies Dx,y{l) = 0, so it induces a map dx^y : J ^ J, z i-^ Dx,y{z) and a 
well defined bilinear map J x J ^ {x,y) i-^ dx^y Consider now the 

triple product [...] on J defined by 

[xyz] = dx,y{z) 

for any x,y,z G Jq. This is well defined and satisfies (|4.2a|) . because of the 
skew-symmetry of d.^.. Also, H4.22() implies that 

[xyy] = dx,y{y) = t{x, y)y - t{y, y)x 
= t{x,y)y - t{y,y)x, 

so that ()4.2b|) is satisfied too, relative to the trace bilinear form. Since Dx^y 
is a derivation of J for any x,y G J, 1)4. 2c|) follows immediately, while ()4.2d|) 
is a consequence of the previous ones. 

Therefore, by the nondegeneracy of the trace form 

( J, [...], .)) is a simple orthogonal triple system over k. 

There are two possibilities for such Jordan algebras, either J = k x 
Jord{q, e), where Jord{q, e) is the Jordan algebra of a nondegenerate qua- 
dratic from q with basepoint e, or J is a central simple Jordan algebra of 
degree 3. 

In the first case, Jord{q, e) = /c e © VF, where W = {x £ Jord{q, e) : 
g(x,e) = 0}, and J = Jo/kl can be identified with W. Moreover, for any 
x,y,z£W (see |Mc(Jn4l IL3.3]): 

X ■ {y ■ z) - y ■ {x ■ z) = X ■ {-\q{y, z)e) - y ■ {-\q{x, z)e) 
= q{y,z)x - q{x,z)y, 

and 

t{x,y) = t{x ■ y) = -\t{q{x,y)e) = -q{x,y). 

Therefore, [xyz] = t{x,z)y — t{y,z)x and (j, [...], t(., .)) is a simple orthog- 
onal triple system of orthogonal type. Hence nothing new appears in this 
case. 

In the second case (Jordan type), J is a central simple Jordan algebra of 
degree 3 so, after a scalar extension, J is the algebra of hermitian matrices 
H^iC), where C is either k, kx k, Mat2(/c) or the algebra of split octonions. 
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Besides, according to |Jac66[ Theorem VI. 9 and Theorem IX. 17], the Lie 
algebra of derivations of J, der(J), is isomorphic, respectively, to S03(/c), 
pQl^{k), 5pg(fc), or the 52 dimensional simple Lie algebra of type F4. Also, 
since Jq is an invariant subspace for der(J), Dj^j^ is an ideal of der(J). 
Hence, by simplicity, inder(J) is isomorphic either to 503(A:), 5pg(A;) or the 
Lie algebra of type F4 if dimC = 1,4 or 8. Finally, if dimC = 2, then 
J = Mat3(A;)+, where x ■ y = \{xy + yx) for any x, y G Mats (A;), so 

Dx,y ■■ z ^ l(^x{yz+zy) + {yz+zy)x-{y{xz+zx)-{xz+zx)y^ = l[[x,y],z], 

for any x, y and, hence, Dj^^j^ is isomorphic to the seven dimensional simple 
Lie algebra p5l^{k), and so is inder(J). 

Therefore, for J = H^{k), dim J = 4 and t{[xyz\,u) gives a skew-symmetric 
nonzero four-linear map (because the trace is der( J)-invariant). Hence 
( J, [...], .)) is a simple orthogonal triple system of Di-type, as the di- 
mension of inder J = S03(A;) is 3 fsee 14. 7() . Again, nothing new appears in 
this case. 

For J = Mat3(A;)+, up to isomorphism J = )p5{^{k) and dx^y = \ a.d[x,y\ 
for any x,y & J (brackets in the Lie algebra p5i^{k)). It follows that 
(j, [...], t(., .)) is a simple orthogonal triple system of G-type. 

Finally, for J = H^[C), with dimC = 4 or 8, dim J = 13 or 25 respectively 
and the situation has no counterpart in characteristic 0. □ 

Summarizing some of the previous work, some other simple Lie superal- 
gebras in characteristic 3, with no counterpart in characteristic 0, have been 
found: 

Theorem 4.23. Let k he an algebraically closed field of characteristic 3. 
Then there are simple finite dimensional Lie superalgebras q over k satisfy- 
ing: 

(i) dimg = 24 (= (3 + 7) + (2 x 7)), gg is the direct sum of sl2{k) and 
ps[3(A;) and, as a QQ-module, gj is the tensor product of the natural 
two dimensional module for 5\2{k) and the adjoint module for p5l^{k) 
(G-type). 

(ii) dimg = 37 (= 21 + (2 x 8)), Qq = 50i{k) and, as a QQ-module, qi is 
the direct sum of two copies of its spin module (F-type). 

(iii) dimg = 50 (= (3 + 21) + (2 x 13)) , gg direct sum of 5l2{k) and 
spg(/c) and, as a QQ-module, gj is the tensor product of the natural 
two dimensional module for 5(2 (A;) and of a 13 dimensional irre- 
ducible module for 5pQ{k) (namely, the quotient of the space of zero 
trace symmetric matrices in Mat6(A;) relative to the symplectic invo- 
lution modulo the scalar matrices). 

(iv) dimg = 105 (= (3 + 52) + (2 x 25)), gg is the direct sum o/s(2(fc) 
and of the central simple Lie algebra of type F4 and, as a QQ-module, 
Qi is the tensor product of the natural two dimensional module for 
5l2{k) and a 25 dimensional irreducible module for F4. 
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5. Lie algebras and orthogonal triple systems 

Characteristic 3 is special too for orthogonal triple systems, because it 
turns out that any such system is a Lie triple system, that is, the odd part 
of a Z2-graded Lie algebra. More precisely: 

Theorem 5.1. Let (T, [...], (.[.)) he either an orthogonal triple system or 
a null orthogonal triple system over a field of characteristic 3. Define the 
'L2-graded algebra g = q{T) = gg ® fli; with: 

00 = inder(r), = T, 

and anticommutative multiplication given by: 

• Qq is a Lie subalgebra o/q; 

• qq acts naturally on gi, that is, [d,x] = d{x) for any d G inder(r) 
and X G T; 

• [x, y] = dx^y = [xy.], for any x,y £T. 

Then q{T) is a Lie algebra. Moreover, T is simple if and only if so is q{T). 

Proof. As in the proof of Theorem 13 .![ if (T, [...], (.|.)) is an orthogonal triple 
system and x,y, z € T, in q{T): 

[[x,y],z] + [[y,z],x] + 

= [xyz] + [yzx] + [zxy] 

= [xyz] + [yzx] — 2[zxy] 

= {[xyz] + [xzy]) - {[zyx] + [zxy]) (by (|4.2al)') 

= {'^x,yiz) + crx,z{y)) - {<^z,y{x) + CFz,x{y)) (by (|4.2bj)) 

= 3((x|y)z - {y[z)x) = 

and the same argument works for null orthogonal triple systems with trivial 
(.|.). The rest of the proof follows exactly as in Theorem 13.11 □ 

Let A; be a field of characteristic 3 and consider the analogues over k of the 
orthogonal triple systems that appear in Theorems 14.71 and 14.181 We finish 
the paper by computing the corresponding Lie algebras g. Besides some 
classical Lie algebras, the simple Lie algebras L(e) of Kostrikin, as well as 
Brown's 29-dimensional simple Lie algebra, appear again. 

Examples 5.2. Orthogonal type: Here [xyz] = o'x,y{z) for any x,y,z G T, 
so that inder(T) = so(T) and g(r) = 5o(T) ©T, which is isomorphic to the 
orthogonal Lie algebra of a space which is the orthogonal sum of T and a 
one dimensional subspace. 

Unitarian type: Consider the split case: K = k x k. Hence, as in |EK()n3( 
p. 358], we may assume that T = W ® W* for a vector space W with 
dimfc W > 3 and, after scaling, we get that the triple product is determined 
by [WWT] = = [W*W*T] and by 

[xfy] = f{x)y - 2f{y)x, (5.3a) 
[xfg] = -f{x)g + 2g{x)f, (5.3b) 
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for any x,y £ W and f,g £ W* (compare with the special case in Ex- 
amples IHiini) • The restriction map inder(T) q[{W), d i-^ d\w gives an 
isomorphism between inder(r) and either s[(VF) or g[(Ty), depending on 
the dimension of W being or not congruent to 2 modulo 3. Let W be 
the Z2-graded vector space with Wq = ke and Wj = W and identify the 
special linear Lie algebra sl(VF) with the vector space of 2 x 2 matrices 
H'^'T^a) ■ X e W, f £ W*, a e qKW)}. Let 3 be the center of 
5[(VF) (3 = if dimVF ^ 2 modulo 3, and dimj = 1 otherwise), and let 
psl(W^) = 5l{W)/j be the corresponding projective special linear Lie alge- 
bra. Then the linear map $ : q{T) — > ps[(VF), such that: 



Hixj)) 




if dim 1=2 (mod 3), 
tLedlv^ •^1+3 otherwise, 



T| trace a w • j 

for any x G W, f € W* and d € inder(T), is an isomorphism of Lie algebras. 

Symplectic type: Consider again the split case, where Q = EndkiV), for a 
two dimensional vector space V endowed with a nonzero alternating bilinear 
form (.|.). Then the arguments in [EKO03, p. 359] give that, up to isomor- 
phism, T = V ®W for some even dimensional vector space W of dimension 
> 4, endowed with a nondegenerate alternating bilinear form ip : W xW ^ k 
such that the triple product becomes (just take ip{u, v) = 2{u\v) in |EK()n3j ): 

[{a (g) x)(6 (g) y){c z)] = ip{x, y)^a,b{c) ® z - 2{a\b)c ® ipx,y{z) 

for any a,b,c and x,y,z G W, where 'ya,b = {a\.)b + {b\-)a and ipx^y = 
^{x, .)y + ip{y, .)x. Besides, inder(r) is isomorphic naturally to the direct 
sum 5p{V) (B 5p{W) of the corresponding symplectic Lie algebra. Thus we 
may identify g(T) with the Z2-graded Lie algebra 

Q = {spiv) e 5p{w)) e (y ® w), 

where 

[a (g) X, & (g) y] = ipix, y)ja,b + {a\b)'il^x,y G 5p{V) 5p{W), 

for any a,b € V and x,y £ W. Thus q is isomorphic to the symplectic Lie 
algebra of the orthogonal sum of V and W: 5p{V _L W). 

G-type: In characteristic 3, for any x,y in a Cayley algebra C: 

Dx,y = [Lxi Ly] + [Lx, Ry] + [Rxi Ry] = [Lx ~ Rxi Ly — Ry] 

= [adx,ady] =ad[x,y], 

(because [Lx,Rx] = for any x and [[x,y],2;] + [[y,2:],x] + [[z,x],y] = 
6(^{xy)z — x(yz)^ = BEMN02, proof of Theorem 1]). Therefore, the triple 
product on T = Co in (|4.1()|) becomes 

[xyz] = a[[x,y],z], 
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and thus g{T) = inder(T) Q T ^ Cq (^k k[e], where k[e] = kl e ke, with 
= a, and Cq is a Lie algebra with the usual bracket [x, y] = xy — yx, 
which is a form of p5l^{k) (the split simple Lie algebra of type A2 over k). 
Note that if a e k^, q{T) ^ Cq Cq. 

F-type: Here q(T) is a Z2-graded Lie algebra whose even part is a simple 
Lie algebra of type B3 and the even part is its spin module. Therefore q{T) 
is a form of the 29 dimensional simple Lie algebra discovered by Brown 

Dfi-type: Assume here that the ground field k is algebraically closed and 
consider the simple Lie superalgebra q = Z)(2, l;a) = r(l,a, — (1 + a)), 
a / 0, — 1 (notation as in |Sch79l pp. 17-18]): 

00 = 5p{Vi) e 5p{V2) e 5p{v^), 

Q-l = Vi®V2® V3, 

where the V^'s are two dimensional vector spaces endowed with nonzero 
alternating bilinear forms (.|.) (the same notation will be used for the three 
Vi's), and the Lie bracket of even or even and odd elements is the natural 
one, while 

[Xi ®X2® X3,yi 2/2® ^3] 
= {X2\y2){x3\y3)lxi,yi+a{xi\yi){x3\y3)jx2^y2-{l + a){xi\yi){x2\y2)lxs,y3, 

for any Xi,yi £ Vi, i = 1,2,3. According to Theorem 14. 5| = V2 ® V3 
is a simple orthogonal triple system with the triple product and symmetric 
bilinear form determined by 

[{X2 ® X3){y2 y3)iz2 Z3)] 

= 0(2:3 |y3)7x2,s/2 (2=2) «>2;3 

(3^2 ® X3\y2 (S> 2/3) = (a^2|y2)(a::3|y3), 

for arbitrary elements Xi,yi,Zi € Vi, i = 2, 3. These are precisely the orthog- 
onal triple systems of D^-type (see E K0n3] ) with /x 7^ 1. Here the simple 
Z2-graded Lie algebra 0(Tq,) satisfies 

00 =sp(V^2)e5p(y3), 

01 = F2 «) V3, 

and the bracket of odd basis elements is given by: 

[x2 ®X3,y2®y3] = a(2;3|y3)7x-2,s/2 - (1 + a) (a;2 12/2)7x3,1/3' 

for Xi,yi £Vi,i = 2,3. Proposition 12.121 shows that 0(Tq,) is isomorphic to 
the Kostrikin Lie algebra L {^-^)- Thus we get all the Kostrikin algebras 
L(e) for e 7^ 1 {L(l) will be obtained shortly). However, for a = —1, we get 
a Lie superalgebra = 0o © 0i with 



- (1 + a) (x2 1^2)^2 (E> 7x3,2/3(^3), 



00 = sp(yi)©sp(y2), 

01 = Vi(S)V2(S)V3, 



(5.4) 
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(the Vi's as before) and Lie bracket determined by 

[xi 0X2 X3,yi 0y2 ys] 

= {X2\y2){x3\y3)-fxuyi - {Xl\yi){x3\y3)jx2,y2^ (5-5) 

for Xi,yi & Vi, i = 1,2,3. This Lie superalgebra is isomorphic to ps[2 2(^) 
and shows that T_i = V2 ® ^ is a simple orthogonal triple system with the 
triple product and symmetric bilinear form determined by 

[{X2 Xs){y2 y3){z2 Z3)] = -{Xs\y3)-fx2,y2iz2) Z3, 
{x2 X3\y2 ys) = {X2\y2){x3\y3), 

for arbitrary elements Xi, yi, Zi £ Vi, i = 2, 3. From |EK()fl3| Proposition 3.3] 
it follows that T_i corresponds to the Di-type. The associated Z2-graded 
Lie algebra g = q{T-i) satisfies that gg = ^p{^2) and gj = V20V3 (the direct 
sum of two copies of the natural module for qq), and this is isomorphic to 
p5i3{k). Also, because of (|5.4j) and (|5.5j) . it turns out that T = Vi 0V2, with 
triple product [xyz] = dx^y{z) determined by 

dxi(^X2,yi(S)y2 = {^2\y2)7xi,yi - {xi\yi)'yx2,y2 

for Xi,yi € 1^, i = 1, 2, is a simple null orthogonal triple system, and its 
associated Lie algebra q{T) is, because of Proposition 12.121 isomorphic to 
the Kostrikin algebra L{1). 

Jordan type: Let J be a central simple Jordan algebra of degree 3, so that 
dimfc J = 6,9,15 or 17, and let (j, [...], t(., .)) be its associated orthogonal 
triple system of Jordan type as in Examples I4.2U1 Then the arguments given 
there show that der(J) = [der{J),der{J)] ~ inder(J) if dim^ J 7^ 9, and 
[der( J), der( J)] = inder(J) if dim^ J = 9. Associated to J there is the Lie 
algebra ilo{J) = Ljq(S)Djj (a subalgebra of g[(J)), where Lx denotes the left 
multiplication by x (see |Jac66| VI.9]). (Incidentally, this is the Lie algebra 
that appears in the second row in Tits construction of Freudenthal's Magic 
Square if the characteristic were ^ 3 |Sch951 Theorem 4.13].) The derived 
algebra is S.q{J) = [S.o{J),iloiJ)] = Lj^ ® Dj^j^, because Djj{Jo) = Jq, 
and its center is k Li. Then the natural map S.q{J) g( J) = inder( J) © J, 
which is the identity on Dj^j^ = inder(J) and takes Lx, for x £ Jq, to x, 
induces an isomorphism g(J) = £,'q{J) /k Li. 

If dimfc J = 6, J is of Di-type and g(J) is a form of ps(3(fc), while for 
dimfc J = 9, J is of G-type and g(J) is a form of ps[3(fc) © ps(3(fc). If 
dimfc J = 15 and k is algebraically closed, J is, up to isomorphism, the 
algebra of hermitian matrices in Mat6(A;) relative to the standard symplectic 
involution, Dj^j = Dj^^^j^ = inder(J) is given by the adjoint action on 
J of the skew-hermitian matrices: spg(A;), and then 2'q{J) = sl6(^) and 
hence g(J) is isomorphic to psig{k). Therefore, in general, if dim^ J = 15, 
g(J) is a form of ps[q(A;). Finally, if J is exceptional (dim^ J = 27) and 
k is algebraically closed, £o(J) is the Lie algebra of type (which has a 
one dimensional center), and g(J) is then isomorphic to the simple finite 
dimensional contragredient Lie algebra E'q (notation as in |VK7H §3]). □ 
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